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Paraxial fluids of light represent an alternative platform to atomic Bose-Einstein condensates and
superfluid liquids for the study of the quantum behaviour of collective excitations. A key step in
this direction is the precise characterization of the Bogoliubov dispersion relation, as recently shown
in two experiments [1, 2]. However, the predicted interferences between the phonon excitations
that would be a clear signature of the collective superfluid behaviour have not been observed to
date. Here, by analytically, numerically, and experimentally exploring the phonon phase-velocity,
we observe the presence of interferences between counter-propagating Bogoliubov excitations and
demonstrate their critical impact on the measurement of the dispersion relation. These results
are evidence of a key signature of light superfluidity and provide a novel characterization tool for
quantum simulations with photons.
I. INTRODUCTION
The weakly beyond-mean-field description of a Bose
quantum fluid, initially introduced by Bogoliubov, re-
lies on small collective excitations on top of a time-
independent condensate [3, 4]. These excitations are de-
scribed as non-interacting quasi-particles with a specific
energy spectrum: sound-like at low momenta and free-
particle-like at large momenta. Due to these linear then
parabolic dependences at respectively low and large mo-
menta, a system exhibiting this type of dispersion satis-
fies the Landau criterion for superfluidity [5], which is a
benchmark for the system to behave as a superfluid, one
of the most striking manifestations of quantum many-
body physics.
In optics, a growing community focuses on quantum-
fluid physics with light in non-linear media [6]. For exam-
ple, Bose-Einstein condensation has been observed both
in exciton-polariton [7] and dye-filled [8] microcavities.
Initially proposed by Pomeau and Rica [9] and neglected
experimentally for a long time, paraxial fluids of light
present exciting perspectives for studying quantum-fluids
physics [10, 11]. In this approach, photons acquire an ef-
fective mass as a consequence of the paraxial approxima-
tion while effective repulsive photon-photon interactions
are mediated by the optical non-linearity of the medium
in which they propagate. Experimental implementa-
tions rely on the propagation of an intense laser beam
within a negative third-order, Kerr non-linear medium
such as photorefractive crystals [12, 13], thermo-optic
media [14, 15], and hot atomic vapors [2, 16]. In this
∗ Corresponding author:quentin.glorieux@lkb.upmc.fr
2D + 1 geometry, the system is two-dimensional in the
transverse direction and the propagation coordinate is
analogous to an effective time.
Recently, two experiments have measured the disper-
sion relation of weak-amplitude excitations on top of
a paraxial fluid of light with two complementary ap-
proaches [1, 2] following a proposal of Ref. [10]. The evo-
lution of these elementary excitations is described by the
Bogoliubov theory, revealing the rich analogy existing be-
tween non-linear photonics and quantum condensed mat-
ter physics. If this analogy is now well established, the-
oretical works [17, 18] have questioned the presence and
the impact of interferences between counter-propagating
Bogoliubov excitations in paraxial fluids of light. In this
paper, we present the first experimental evidence of these
interferences and we demonstrate their dramatic impact
on the reconstruction of the dispersion relation and on
the identification of superfluidity of light. Moreover, we
propose an interpretation of these interferences as stim-
ulated analogue of the Sakharov oscillations of cosmol-
ogy [19, 20], recently observed in atomic condensate [21].
Finally, we show that this effect is robust across several
experimental systems used for paraxial fluids of light by
numerically taking into account the photon absorption,
the finite size of the fluid, the saturation and the non-
locality of the photon-photon interactions. Because all
these corrections only marginally impact the observed
behavior, our work opens the way to novel experimental
techniques for probing paraxial fluid of light, based on the
observation of Bogoliubov-excitation interferences. For
example, we propose that extracting the contrast of con-
structive interference fringes in the output plane as a
function of the probe parameters will give access to the
efficiency at which we can excite phonons, also known as
the static structure factor [22].
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2II. PARAXIAL FLUID OF LIGHT
We consider a monochromatic beam of light propa-
gating along the positive-z direction in a χ(3) non-linear
medium. In the paraxial and scalar approximations,
the evolution of the slowly varying envelope E(r⊥, z) of
the complex electric field E(r⊥, z) = E(r⊥, z)ei(k0z−ωt)
is known to obey the non-linear Schro¨dinger equation
(NLSE) of non-linear optics [23]:
i
∂E
∂z
=
(
− 1
2k0
∇2⊥ −
3k0χ
(3)
8n2
|E|2 − iα
2
)
E . (1)
In this equation, k0 = nω/c is the laser propagation con-
stant in the medium with n the linear refractive index, ω
the laser angular frequency, and c the vacuum speed of
light, ∇⊥ is the gradient with respect to the transverse
coordinates r⊥ = (x, y), and α > 0 is the absorption
coefficient describing photon losses.
Except for the last term describing losses, (1) is for-
mally analogous to the Gross-Pitaevskii equation (GPE)
describing the temporal evolution of the macroscopic
wavefunction of an atomic Bose-Einstein condensate
(BEC) in two dimensions [4]. In the right-hand side in
particular, the Laplacian term mimics the kinetic-energy
term with a mass corresponding to the laser propaga-
tion constant k0. In addition, the χ
(3) contribution is
analogous to the contact-interaction potential with an
interaction parameter g proportional to the Kerr suscep-
tibility: g = −3k0χ(3)/(8n2). In the following, we con-
sider the non-linearity to be self-defocusing (χ(3) < 0) so
that the effective photon-photon interactions are repul-
sive (g > 0). In this analogy, the fluid density ρ(r⊥, z) is
directly proportional to the field intensity I(r⊥, z) ac-
cording to ρ(r⊥, z) = |E(r⊥, z)|2 = 2I(r⊥, z)/(c0n),
where 0 denotes the vacuum permittivity. However,
while the GPE describes the evolution of a condensate
wavefunction for a matter quantum fluid in time, the
NLSE describes how the electric-field envelope E(r⊥, z)
of the light beam propagates in space, along the z axis.
Therefore, the propagation coordinate z is equivalent to
an effective time in the NLSE. As a consequence, every
transverse plane (spanned by r⊥) along the propagation
axis z can be regarded as a snapshot of the evolution of
the two-dimensional paraxial fluid of light (see Fig. 1).
The role of the physical time t as a third spatial coordi-
nate for propagating light was highlighted in [24]. These
features are however not relevant in the monochromatic
excitation case under investigation here.
In the following theoretical description of the parax-
ial fluid of light and of its Bogoliubov excitations, we
disregard the effect of photon losses by taking α = 0.
This approach has the advantage of shining light on the
general features without harming the generality of our
conclusions. A complete theory including photon losses
will be presented later in Fig. 5, showing no qualitative
change.
In the ideal lossless case, we assume that the beam
maintains a wide flat-top and z-independent intensity
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FIG. 1. Paraxial fluid of light. In the paraxial and scalar
approximations, a laser beam propagates along the z axis in
a χ(3) non-linear medium according to the effective Gross-
Pitaevskii equation (1). The field profile on each transverse
r⊥ = (x, y) plane along the propagation direction z is equiv-
alent to a snapshot of the evolution of the paraxial fluid of
light.
profile all along its propagation, so that the correspond-
ing solution of (1) reads
E0(z) = √ρ0e−ik0∆nz. (2)
In this equation, ρ0 is the density of the homogeneous
paraxial fluid of light and ∆n = gρ0/k0 is the change of
refractive index induced by the optical non-linearity. A
small departure from the uniform and stationary config-
uration (2) is described by a solution of (1) of the form
E(r⊥, z) = E0(z) + δE(r⊥, z), (3)
where |δE(r⊥, z)|  |E0(z)|. Such an expansion de-
picts weak-amplitude fluctuations (for example inten-
sity fluctuations) on top of the homogeneous (i.e., r⊥-
independent) background defined in (2). The complex
field δE(r⊥, z), which is solution of the linearized ver-
sion of (1), can be decomposed following the Bogoliubov
approach [4] as a linear superposition of plane waves
counter-propagating in the transverse r⊥ plane with op-
posite wavevectors ±k⊥ and oscillating in the effective
time z at the same angular frequency ΩB(k⊥):
δE(r⊥, z) = e−ik0∆nz
∫
d2k⊥
(2pi)2
{
u(k⊥)bk⊥e
i[k⊥·r⊥−ΩB(k⊥)z]
+ v∗(k⊥)b∗k⊥e
−i[k⊥·r⊥−ΩB(k⊥)z]
}
. (4)
In this expression, the complex amplitudes of the plane
waves with wavevectors k⊥ and −k⊥ are respectively de-
noted by u(k⊥)bk⊥ and v
∗(k⊥)b∗k⊥ , where bk⊥ is chosen
to be homogeneous to a voltage times a length so that
u(k⊥) and v(k⊥) are by construction dimensionless. The
3latter satisfy the eigenvalue problem [4]
L(k⊥)
[
u(k⊥)
v(k⊥)
]
= ΩB(k⊥)
[
u(k⊥)
v(k⊥)
]
, where
L(k⊥) =
[
k2⊥/(2k0) + k0∆n k0∆n
−k0∆n −k2⊥/(2k0)− k0∆n
]
,
(5)
with the wavenumber k⊥ = |k⊥|. Without loss of gen-
erality, we take u(k⊥) and v(k⊥) to be real. Setting the
normalization condition u2(k⊥)−v2(k⊥) = 1, we get the
dispersion relation
ΩB(k⊥) =
√
k2⊥
2k0
(
k2⊥
2k0
+ 2k0∆n
)
and (6)
u(k⊥)± v(k⊥) =
[
k2⊥
2k0
/
ΩB(k⊥)
]± 12
. (7)
Equation (6) is the optical analog of the Bogoliubov ex-
citation spectrum of an homogeneous two-dimensional
atomic BEC at rest and (7) gives the k⊥ dependence
of the Bogoliubov amplitudes u(k⊥) and v(k⊥). Here,
the linear combinations u+ v and u− v respectively cor-
respond to the density and phase amplitudes of the Bo-
goliubov collective wave in wavevector space.
From (6), we can extract the peculiar behavior of the
Bogoliubov dispersion relation ΩB(k⊥), which is linear
(sound-like) at small k⊥ and parabolic (free-particle-like)
at large k⊥:
ΩB(k⊥) '
csk⊥ when k⊥ξ  1k2⊥
2k0
+ k0∆n when k⊥ξ  1.
(8)
These asymptotic behaviors bring up the optical analogs
of the Bogoliubov sound velocity, cs =
√
∆n, and of the
healing length, ξ = 1/(k0
√
∆n) = 1/(k0cs), of atomic
BECs. In the present optical context, cs is by construc-
tion dimensionless, as it corresponds to the propagation
angle with respect to the z axis. The peculiar refraction
properties corresponding to the constant cs in the kξ → 0
limit were highlighted in [2]. In the large kξ limit, the
shift in ΩB(k⊥) is simply linked to the nonlinear refrac-
tive index change.
III. EXTRACTING THE BOGOLIUBOV
DISPERSION RELATION FROM THE PHASE
VELOCITY
The phase velocity vph(k⊥) of a Bogoliubov plane wave
with wavevector k⊥ is related to the Bogoliubov disper-
sion relation ΩB(k⊥) through
vph(k⊥) =
ΩB(k⊥)
k⊥
. (9)
Therefore, it is expected that we can directly reconstruct
ΩB(k⊥) from the measurement of vph(k⊥), which can be
assessed from the measurement of the distance
S(k⊥) = vph(k⊥)L (10)
that the Bogoliubov excitation travels in the transverse
plane between the effective times z = 0 and z = L, where
L stands for the length of the non-linear medium.
In the experimental configuration initially proposed in
Ref. [1] and studied here, S(k⊥) corresponds to the
transverse displacement of a weak interference pattern
obtained by overlapping a large-intensity flat-top back-
ground with a low-intensity probe, slightly tilted by an
angle θi with the z axis along which the background
propagates. These two beams come from the same laser,
have the same frequency and polarization, and thus in-
terfere, producing a small fluctuation δE(r⊥, z) on top of
the background envelope E0(z) in the non-linear medium.
The norm k⊥ = (k0/n) sin θi of the transverse wavevector
of the incident probe is controlled by changing θi, which
must be small enough so that the whole optical system
falls into the paraxial limit k⊥  k0 considered here.
After propagation inside the medium of length L, the
background (“bg”) and the probe (“p”) have accumu-
lated different phases Φbg and Φp(k⊥). According to (4),
the latter depends on the Bogoliubov dispersion relation
ΩB(k⊥). The difference
Φ(k⊥) = Φp(k⊥)− Φbg (11)
between these two phases is responsible for an interfer-
ence pattern in the transverse plane, shifted by
S(k⊥) =
Φ(k⊥)
k⊥
. (12)
Experimentally, it is possible to have access to
∆S(k⊥) = SNL(k⊥)− SL(k⊥), (13)
the relative deviation between the fringes patterns ob-
tained at high and low background intensity, that is, in
the non-linear (“NL”) regime and the linear (“L”) one,
respectively. This quantity can be, at first, estimated in
a geometrical approach, as detailed below.
A. Geometrical approach
In the linear regime, simple geometry yields the follow-
ing expressions for the phases accumulated by the back-
ground and the probe beams:
Φbg,L = k0L and (14)
Φp,L(k⊥) = k0
√
L2 + L2 tan2 θr ' k0L
(
1 +
θ2r
2
)
, (15)
where θr ' θi/n is the refraction angle of the probe at
the entrance of the medium. Using k⊥ ' (k0/n)θi, we
then obtain
ΦL(k⊥) =
k2⊥
2k0
L. (16)
4In a geometrical approach, the same formula is supposed
to hold in the non-linear regime provided the free-particle
dispersion relation k2⊥/(2k0) is replaced with the Bogoli-
ubov spectrum (6) and we obtain using (11):
ΦNL(k⊥) = ΩB(k⊥)L. (17)
In the light of Eqs. (12) and (13), this geometric approach
then leads to
∆S(k⊥) =
k⊥
2k0
√1 + ∆n(2k0
k⊥
)2
− 1
L. (18)
This expression states that ∆S(k⊥) saturates to a con-
stant value proportional to the Bogoliubov speed of
sound in the deep phonon regime:
∆S(k⊥) '
k⊥ξ1
√
∆nL = csL. (19)
This approach has been experimentally implemented for
non-local photon fluids [1]. In particular (19) suggests
that the displacement ∆S(k⊥) tends at small k⊥ towards
the intuitive geometric value given by the product of the
sound velocity cs by the effective time L.
Surprisingly, this geometric approach differs drastically
from the results of the full theory in [17, 18] which pre-
dict instead a linear increase of ∆S(k⊥) with Λ = 2pi/k⊥
at small k⊥, even in the limit of weak interactions
(∆n → 0). In the following, we explain the physical
origin of this correction and show that interferences be-
tween the counter-propagating Bogoliubov collective ex-
citations are responsible for the disagreement between [1]
and [17, 18] in the sonic regime (k⊥ξ  1).
B. Theoretical model including the interferences
between counter-propagating Bogoliubov excitations
Let us first introduce qualitatively this effect before de-
riving the full analytical solution. When the background
and the probe enter the non-linear medium, both experi-
ence a sudden jump of the χ(3) susceptibility, analogous
to a quantum quench of the interactions [24–26]. This
generates a conjugate beam, due to the boundary con-
dition on the electric field amplitude at the interface.
The conjugate field oscillates at the same frequency as
the background and the probe, and propagates in the
transverse direction with a wavevector −k⊥ opposite to
the one of the incident probe. In optics, this third-order
non-linear wave-mixing process is known as degenerate
four-wave mixing [27–29].
Interestingly, the interferences between the two
counter-propagating Bogoliubov excitations (the probe
and the conjugate within the medium), neglected in the
geometrical model [1], are continuously taking place all
along their propagation in the non-linear medium. Since
the pump, probe and conjugate have the same frequency,
they do fulfill the phase-matching condition only when
they are co-propagating, that is, when k⊥ = 0. This
can be seen by evaluating the ratio of the conjugate Bo-
goliubov amplitude v(k⊥) to the probe one u(k⊥) using
(7). In the free-particle regime k⊥ξ  1, this ratio is
small as it scales as 1/(k2⊥ξ
2). In this limit, the impact
of the interferences between the conjugate and the probe
can be safely neglected and (17) is valid, as shown in the
next section. However, in the phonon regime k⊥ξ  1,
|v(k⊥)/u(k⊥)| ' 1 and a full model taking into ac-
count the interferences between the counter-propagating
Bogoliubov excitations gives drastically different results
from the geometric approach detailed above.
In the case of a finite diameter probe mode (not a plane
wave), the geometric model of (18) is recovered when the
length L of the medium is long enough for the probe and
conjugate wavepackets to get spatially separated during
the propagation [10]. In this limit, the distance between
of the wavepackets centers gives access to the group ve-
locity [2], while the position of the fringes within the
wavepackets gives access to the phase velocity. For real-
istic parameters, this requires impractically long samples.
In the following, we derive an exact expression for the
relative phase ΦNL(k⊥) = Φp,NL(k⊥) − Φbg,NL accumu-
lated by the probe with respect to the background af-
ter propagation through the medium. We use an ap-
proach similar to the quantum optics input-ouput for-
malism [30, 31] with a description of the medium given
by the Bogoliubov theory [17].
In air (i.e. z < 0 and z > L) the envelope of the electric
field including the background and its fluctuations may
be expanded as
Eair(r⊥, z) =
√
ρair(z)e
iΦair(z)+eiΦair(z)
∫
d2k⊥
(2pi)2
ak⊥(z)e
ik⊥·r⊥ .
(20)
In this equation, ρair(z) and Φair(z) are the density and
the phase of the homogeneous background in air. Due to
the conservation of energy at z = 0 and z = L, the den-
sities are related by ρair = ρair(z > L) = nρ0, while the
phases are Φair(z < 0) = 0, and Φair(z > L) = −k0∆nL.
In (20), ak⊥(z) denotes the Fourier amplitude of the fluc-
tuations superimposed on the background in air. In our
experiment, only one k⊥ component (corresponding to
the probe mode for z = 0−) is injected into the medium
and all the other modes are set to zero. Using the sign
convention adopted in (4), the phase difference ΦNL(k⊥)
can then be expressed as follows:
ΦNL(k⊥) = −arg
[
ak⊥(L
+)
ak⊥(0
−)
]
. (21)
To derive the input/output relation between ak⊥(L
+)
and ak⊥(0
−) we need to use both energy conservation
at the interfaces and the Bogoliubov formalism for the
evolution within the medium. In a first step, when
entering the medium at z = 0, the probe of ampli-
tude ak⊥(0
−) transforms, by energy conservation, into
ak⊥(0
+) =
√
nak⊥(0
−). Then, in analogy to the quan-
tum formalism of dilute Bose gases, we can consider the
5term ak⊥(0
+) to be equivalent to the annihilation oper-
ator for the weakly interacting particles. Following the
Bogoliubov approach, it can be connected to the non-
interacting Bogoliubov operators bk⊥ using the transfor-
mation: [
ak⊥(0
+)
a∗−k⊥(0
+)
]
=
[
u(k⊥)v(k⊥)
v(k⊥)u(k⊥)
] [
bk⊥
b∗−k⊥
]
. (22)
Thereafter, the counter-propagating Bogoliubov excita-
tions evolve along the optical axis, accumulating a prop-
agation phase provided by the Bogoliubov dispersion re-
lation ΩB(k⊥). This evolution is analogous to those
observed after a quench in atomic BEC, and leads to
synchronized phases between the counter-propagating
phonon modes (bk⊥ and b
∗
−k⊥). Interestingly, this syn-
chronized effect is at the origin of Sakharov oscillations
[21]. We obtain:[
ak⊥(L
−)
a∗−k⊥(L
−)
]
=
[
u(k⊥)e−iΩB(k⊥)L v(k⊥)eiΩB(k⊥)L
v(k⊥)e−iΩB(k⊥)L u(k⊥)eiΩB(k⊥)L
] [
bk⊥
b∗−k⊥
]
.
(23)
We can then invert (22) using the Bogoliubov normal-
ization u2(k⊥) − v2(k⊥) = 1 and inject the result into
the right-hand side of (23). Finally, taking into account
energy conservation at the medium output ak⊥(L
−) =√
nak⊥(L
+), we obtain the following input-output rela-
tions:[
ak⊥(L
+)
a∗−k⊥(L
+)
]
=
[
U(k⊥)V ∗(−k⊥)
V (k⊥)U∗(−k⊥)
] [
ak⊥(0
−)
a∗−k⊥(0
−)
]
, (24)
where U(k⊥) and V (k⊥) are defined by
U(k⊥) = u2(k⊥)e−iΩB(k⊥)L − v2(k⊥)eiΩB(k⊥)L and
(25)
V (k⊥) = −2iu(k⊥)v(k⊥) sin[ΩB(k⊥)L]. (26)
In our configuration, right before the medium entrance
(z = 0−), the mode with wavevector −k⊥ has a zero
amplitude (i.e., the conjugate mode is seeded by vacuum)
and therefore we set a∗−k⊥(0
−) = 0 in (24). As a result,
we eventually come to the simple relation
ak⊥(L
+) = U(k⊥)ak⊥(0
−), (27)
from which we can simplify (21) and obtain the ΩB(k⊥)
dependence of ΦNL(k⊥) from Eqs. (6), (7), and (25):
ΦNL(k⊥) = −arg[U(k⊥)]
= ΩB(k⊥)L− arg[u2(k⊥)− v2(k⊥)e2iΩB(k⊥)L]
= arctan
{
[k2⊥/(2k0)]
2 + ΩB(k⊥)2
k2⊥/k0 × ΩB(k⊥)
tan[ΩB(k⊥)L]
}
.
(28)
The second expression of (28) allows for a direct under-
standing of the role of the interferences between Bogoli-
ubov phonon excitations in the correction to (18).
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FIG. 2. (a) Non-linear phase shift ΦNL(k⊥) and (b) rela-
tive fringes displacement ∆S(Λ) as functions of, respectively,
the Bogoliubov wavenumber k⊥ = |k⊥| and the Bogoliubov
wavelength Λ = 2pi/k⊥ for different values of the optical non-
linearity ∆n. (a) The phase shift ΦNL(k⊥) generally follows
ΩB(k⊥)L in average (dashed lines), except for small k⊥, where
it saturates at a non-zero value for all values of ∆n 6= 0. Ac-
cording to (30), the k⊥ = 0 limit ΦNL(k⊥ = 0) is a growing
function of ∆n and tends towards pi/2 for large ∆n. (b) The
staircase structure of ΦNL(k⊥) translates into oscillations in
∆S(Λ), most visible for large interactions. At long Λ, ∆S(Λ)
increases linearly according to (31). This trend is present
even for weak interactions (∆n→ 0). Solid lines corresponds
to the full model and the black dashed-dotted line shows for
comparison the displacement obtained from the geometric ap-
proach of (18) with ∆n = 10−4.
In the free-particle regime (k⊥ξ  1), the v2 term in
the second expression of (28) is negligible. This is equiv-
alent to say that the phase-matching condition is not ful-
filled and the four-wave-mixing process is inefficient to
create the conjugate mode. Since u(k⊥) is real, we get
ΦNL(k⊥) '
k⊥ξ1
ΩB(k⊥)L. (29)
This limit exactly corresponds to the geometric model
of (17) and correctly describes the transverse fringes dis-
placement ∆S(k⊥). However, this approximation is only
valid in the parabolic dispersion limit at large momenta
k⊥ξ  1.
In the phonon regime (k⊥ξ  1) where superfluidity
is manifest, there are fundamental differences between
the predictions of the geometrical approach and the full
model, because the v2 term cannot be neglected anymore
in the second expression of (28). This interference term
leads to a correction to (17), which we can expand ana-
lytically in the limit k⊥ξ  1 to get at the leading order
ΦNL(k⊥) =
k⊥ξ1
arctan(2k0∆nL) +O(k
2
⊥ξ
2). (30)
An essential feature of (30) is that the non-linear phase
difference ΦNL(k⊥) at the medium output converges to-
wards a constant non-zero value for small k⊥. This can
be clearly seen in Fig. 2(a) for realistic experimental pa-
rameters. This non-zero value holds independently of the
strength of the interactions ∆n, and therefore is a gen-
eral feature of paraxial fluids of light and a direct conse-
6quence of the interferences between Bogoliubov phonons.
At large ∆n, this offset saturates towards pi/2.
In between these two asymptotic limits, we also ob-
serve numerically a smooth staircase structure, which
follows on average the trend of the geometric prediction
(18) in the large-k⊥ limit (dashed lines in Fig. 2(a)). This
staircase structure becomes more and more visible as the
optical non-linearity ∆n increases. This effect is less ro-
bust than the non-zero value of ΦNL(k⊥) in the small k⊥
limit previously described and does not hold for weak in-
teractions ∆n (see the green curve of Fig. 2 (a)). There-
fore, in order to evidence the presence of interferences
between the Bogoliubov phonons, we will focus our at-
tention on the phase difference at small k⊥ by looking at
the displacement ∆S as function of Λ = 2pi/k⊥.
In Fig. 2(b), we present this displacement ∆S (acces-
sible experimentally) as function of the density modu-
lation wavelength Λ. Because of the staircase structure
of ΦNL(k⊥), the displacement ∆S(Λ) oscillates at short
Λ. Once again this effect disappear for weak interactions
∆n (green curve of Fig. 2 (b)). In the contrary, the linear
increase of ∆S(Λ) when Λ  ξ is always present for all
∆n and can be computed from (30) as:
∆S(Λ) '
Λ/ξ1
arctan(2k0∆nL)
2pi
Λ, (31)
This expression significantly contrasts with (19), ob-
tained within the geometrical approach. For comparison,
the total displacement ((18)) predicted by the geometric
method is plotted for ∆n = 10−4 in black dashed-dotted
line in Fig. 2(b). As expected, the two descriptions match
in the free-particle regime, but the linear increase ((31))
at long Λ is only present in the full model and not pre-
dicted by (18).
In the next section, we explore experimentally this con-
figuration in a hot atomic vapor to compare and verify
the predictions of the two models. We will show evidences
of the interference between the counter-propagating Bo-
goliubov collective excitations at small k⊥ and of their
role on the measurement of the dispersion relation fol-
lowing (31).
IV. EXPERIMENTAL EVIDENCES OF
INTERFERENCES BETWEEN BOGOLIUBOV
EXCITATIONS
A. Experimental setup
Our experimental setup is sketched in figure 3 (a). A
continuous-wave laser field at 780 nm is elongated in the x
direction using a set of two cylindrical lenses. This cylin-
drical telescope is slightly defocused in order to loosely
focus the beam onto the medium input facet. In this
plane, the minor axis width ω0,y (radius at 1/e
2) is 500
µm while the major axis one, ω0,x is 1 cm. The Rayleigh
length associated to ω0,y is much longer than the cell
length (L = 7.5 cm). The cell is filled with an isotopically
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FIG. 3. (a) Experimental setup. A laser is shaped with
two cylindrical lenses (CL). It is split and recombined (BS1)
within an unbalanced Mach-Zehnder (MZ) interferometer to
create a low contrast fringes pattern. Two sets of fringes
(low and high intensity) are vertically shifted using an 90:10
beam-splitter (BS2) before going into an atomic vapor cell.
The cell output is imaged on a camera after filtering in the
Fourier space (FS). (b-c) Background-subtracted images re-
veal the small amplitude density modulation which propa-
gates on a low (b) and a high intensity background fluid (c).
The blue and red points in (d) are obtained by integrating
the intensity in between the white dashed lines in (b) and
(c) respectively. We first filter out the high frequency noise
(dashed lines) and then normalize the envelopes (solid lines).
The shift is computed by measuring the nearest peak-to-peak
distance between the solid lines. (e) Fourier space image ob-
tained by inserting a microscope objective (MO).
pure 85Rb vapor heated up to 400 K. The laser frequency
is 2.6 GHz red-detuned with respect to the F = 3 → F ′
transition of the 85Rb D2 line, which ensure an linear
index of refraction close to 1 and a transmission larger
than 60 %.
The weak intensity modulation pattern is created using
an unbalanced Mach-Zehnder interferometer. The beam
is then split in two with a 90:10 (R :T ) beam splitter and
recombined with a vertical shift to have simultaneously
a weak intensity modulation evolving on-top of a high
intensity beam forming the photon fluid. The medium
exit plane is imaged on a CMOS camera with a 4f tele-
scope. By inserting a microscope objective on the beam
path, we can image the momentum distribution (inset
(e) of figure 3). Spatial Fourier filtering using a razor
blade is conducted in this plane to filter out the conju-
gate beam that blurs the fringes pattern. As sketched
in figure 3, we perform simultaneously the experiment
in two regimes: (i) low fluid density and (ii) high fluid
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FIG. 4. (a) Displacement ∆S as function of the modulation
wavelength Λ for a fluid intensity of 1.3 W.cm−2. The laser
is 2.6 GHz red-detuned with respect to the F = 3→ F ′ tran-
sition of the 85Rb D2 line and the cell length is 7.5 cm. The
experimental data (blue circle) are fitted with the full theory
(blue line) for ∆n = 1.3 10−6. For comparison, the displace-
ment obtained using (18) has been plotted (black dashed dot-
ted line). (b) Slope of the asymptotic linear increase of ∆S
at large Λ as function of the fluid intensity. (c) ∆n extracted
with eq. (30) from the slope of ∆S at large Λ as function of
the fluid intensity. The linear scaling of ∆n with I confirms
that we are not saturating the non-linearity, i.e. ∆n = n2I
with n2 = 1× 10−10m2/W.
density. The low density fluid corresponds to the case of
a negligible non-linearity and provides a reference (ΦL)
for the fringe displacement. Comparing both patterns we
observe the fringe displacement and measure ∆S.
B. Data analysis and results
After removing the background intensity distribution
to keep only the small density modulation on top of it,
typical interference patterns obtained at the medium out-
put plane are shown in figures 3 (b-c). The displacement
between the fringes of the low intensity reference (b) and
high intensity fluid (c) ∆S is clearly visible. We can
note that the fringes are slightly bent in (c) because the
intensity profile along the vertical axis is Gaussian and
therefore the nonlinear phase shift accumulated during
the propagation depends on y. In order to avoid errors
during the data analysis, we average the intensity profile
over the central region in between the white dotted line
in figure 3 (b-c).
After averaging, the resulting profiles are plotted in
the (d) panel of Fig. 3: the blue points are for the low
intensity reference (a) while the red ones are for the high
intensity non-linear case (b). The high frequency noise
is filtered out and we remove the envelopes using a cubic
spline interpolation method to normalize it and obtain
the blue and red solid curves. The relative displacement
is computed by averaging on several fringes the distance
(black arrows) between the nearest maxima in the low
intensity reference and in the high intensity case.
In figure 4 (a), we present the experimentally mea-
sured ∆S as function of the modulation wavelength Λ.
The probe power is taken to ensure a modulation depth
of less than 5%. The full model is shown in blue solid
line. For comparison, the geometrical model computed
with (18) is plotted in black dashed dotted line. These
experimental results are a clear evidence that the geo-
metrical model fails to describe the displacement ∆S at
large Λ. Indeed, at large Λ, we observe a clear signa-
ture of the linear increase of ∆S, as predicted by the full
model. By including the interferences between elemen-
tary Bogoliubov excitations, the full model also allows
to predict the value of the slope as function of the non-
linear refractive index change ∆n. To verify the consis-
tency of our model, we repeated the measurement of ∆S
for various field intensities I and estimated ∆n from the
theoretical predictions, using (31). An intriguing feature
of this equation is the non-linear behavior of the phase
shift and the saturation at large interaction ∆n (figure 4
(b)). However, as visible in figure 4 (c), the value of
∆n extracted from (31), depends linearly with the back-
ground intensity I as expected for a Kerr medium and it
validates our experimental approach.
V. INTERFERENCES BETWEEN
BOGOLIUBOV WAVES
A. Is this interference effect robust with respect to
corrections to the lossless local Kerr model ?
Several non-linear media have been proposed and im-
plemented for fluid of light experiments, including atomic
vapor [16, 32], methanol [14], photo-refractive crystal
[12, 13, 33] and nematic liquid crystals [18]. In these sys-
tems the microscopic origin of light-matter interaction
strongly differs and can impact the properties of these
fluids of light. To verify that these variations do not
change significantly the long wavelength behavior of ∆S,
we numerically studied the dependence on four key pa-
rameters: (i) the losses α, (ii) the width of the pump
beam w0,y, (iii) the non-locality and the (iv) saturation
of the non-linear response.
All the simulations have been performed using using
a second order split-step method on the 2D nonlinear
Schro¨dinger equation and a common set of parameters.
The background intensity is set to ρ0 = 2.5 10
5 W/m2,
the linear index to n = 1, and the nonlinear index to n2 =
4 10−11 m2/W. In the lossless situation, the nonlinear
change of refractive index is equal to ∆n = 1.0 10−5.
The simulation results are presented in figure 5.
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FIG. 5. Numerical simulations (symbols) and analytical so-
lutions (solid and dashed line) of ∆S as function of Λ. (a)
Different cell transmissions t. The simulations and the theory
model are similar as long as the transmission remains large
(t > 0.5). (b) Different background widths w0,y. (c) Dif-
ferent non-local transport length scales lb. The oscillations
are smoothed by non-locality. In our system lb < 10µm. (d)
Different saturation intensity Is of the non-linear Kerr inter-
action. Once again oscillations are smoothed by a saturation
of the medium. For all the simulations ∆n = 1.0 10−5.
In figure 5 (a), the displacement ∆S is plotted, for
different cell transmissions t = exp(−αL). The colored
points stem from numerical simulations whereas the the-
oretical curves are plotted in black solid. A full derivation
of the analytical model is given in the Supplementary Ma-
terials. Absorption smooths out the oscillations at small
Λ, similarly to a reduction of the non-linear interactions
∆n as seen in Fig.2. However the long-Λ limit is qualita-
tively unchanged from the lossless case. The analytical
predictions (dashed lines) gives a accurate estimation of
the long-Λ slope for transmission larger than 0.5.
In figure 5 (b), the effect of the finite beam width w0,y
on the displacement ∆S is studied. We notice a reduc-
tion in the displacement oscillations amplitude when w0,y
decreases. But as for the absorption, this effect does not
affect the general shape of the displacement curve and
its large Λ linear trend. It can be understood intuitively,
because for smaller beam width w0,y, the Kerr self de-
focusing effect increases and therefore the background
density spreads faster in the transverse plane along the
propagation. This results in a decrease of the beam in-
tensity on the major axis during the propagation and a
consequent reduction of the effective interaction ∆n.
In figure 5 (c), the impact of non-locality is reported.
The nonlinear phase shift formula (17) has been general-
ized using the non-local dispersion relation to take ballis-
tic transport of excited atoms into account in the theory
(see supplementary materials for details). The theoreti-
cal predictions are plotted in black solid and match per-
fectly with simulations. The main effect here is more
subtle than the ones of the losses or the finite width of
the beam. The slope of the linear trend at high Λ remains
unchanged but a significant modification of the displace-
ment in the oscillating part is observed. This effect be-
comes significant for non-local ballistic length scales lb
much longer than the typical ones of atomic vapors (typ-
ically, ld ≈ 8 µm at 400 K). The situation is very dif-
ferent in the thermo-optic media considered in [1], where
the non-local length is on the order of 100 µm [14] and
thus is able to significantly modify the behavior of the
displacement for small Λ.
Finally, in figure 5 (d), we have studied the impact of a
saturation of the non-linearity. The interaction strength
∆n is replaced by ∆n× 11+I/Is , where Is is the saturation
intensity. This model reproduces saturation observed in
atomic media and photorefractive crystals. Compared to
losses, the finite beam width, and non-locality, the effect
of saturation on the displacement is the most important,
as it not only attenuates the oscillations at small Λ but
also modifies the slope at large Λ. This correction is a
consequence of the reduction of the sound velocity by a
larger factor to cs × 1(1+I/Is)2 . Nevertheless, saturation
does not affect the large-Λ behavior of the displacement
and, in particular, does not lead to the constant value for
the large-Λ limit predicted by the geometrical approach.
All these simulations confirm that the corrections to
the ideal lossless model are able to modify the behavior
of ∆S at small Λ, but do not affect the linear trend at
large Λ. The impact of the interferences between Bo-
goliubov modes is therefore robust and can thus be en-
visioned as a novel tool to probe the dispersion and the
static structure factor of the photon fluid, in a similar way
to what was done with atomic BEC [22]. In the last part
of this work, we propose an explanation for the robust-
ness of these interferences and for their importance to
understand the superfluid behavior based on a universal
mechanism known as the Sakharov oscillations [19, 21].
B. Stimulated Sakharov-like oscillations
The Bogoliubov excitation ((4)) generated at the en-
trance of the non-linear medium consists in a superposi-
tion of counter-propagating plane-waves in the r⊥ plane
with opposite wavevectors k⊥ and −k⊥. These Bogoli-
ubov components are simultaneously generated at the
medium entrance and oscillate at the respective angular
frequencies ΩB(k⊥) and −ΩB(k⊥) along the propagation
axis, which is analogous to time. As a consequence, at
a given effective time z, these components will have ac-
quired a relative phase difference of 2ΩB(k⊥)z. Interest-
ingly, this behavior is very similar to the one predicted
for the Sakharov oscillations in cosmology [19, 20] and
can be understood in terms of the interference between
the counter-propagating phonons that are spontaneously
generated after a quantum quench [21, 34, 35]. Here, we
draw the analogy and we consider our experimental ob-
9servations as a stimulated analogue of the Sakharov-like
oscillations by seeding phonons on the +k⊥ mode.
For paraxial fluids of light experiments, we only have
access to the intensity at z = L and not inside the
medium. Therefore, we have solved numerically the non-
linear Schro¨dinger equation ((1)) and computed the in-
tensity of the total electric field inside the non-linear
medium at every transverse planes along the z axis to
evidence the stimulated Sakharov-like oscillations in this
optical system. In figure 6, we present the intensity pro-
files along x in both the phonon regime (k⊥ξ < 1) in
panel (a) and in the free-particle regime (k⊥ξ ≤ 1) in
panel (b). On this figure, the background fluid density
has been subtracted. Two remarkable observations can
be highlighted in figure 6 .
First, constructive (maximum contrast) or destructive
(minimum contrast) interferences between the counter-
propagating Bogoliubov waves are clearly visible in the
transverse direction. Along z, constructive interferences
are located at ΩB(k⊥)z = ppi, with p > 1 integer val-
ued. Reversely, when ΩB(k⊥)z = (p+1/2)pi, Bogoliubov
modes destructively interfere and the contrast is mini-
mum. Interestingly, these interference patterns can also
be observed at a fixed effective time (e.g. z = L) by
changing the value of k⊥. In figure 6 (c), we have ex-
tracted the dispersion relation using this approach. At
fixed z = L, we reported each value of k⊥ leading to a
visibility maximum, as we know that ΩB(k⊥) = ppi/L
(green diamonds on figure 6 (c)). To increase the reso-
lution of the reconstruction we can apply the same pro-
cedure with the visibility minima (black circles on fig-
ure 6(c)) and obtain a sampling of the dispersion for
ΩB(k⊥) = (p+ 1/2)pi/L.
Secondly, we can notice that the reduction in the con-
trast of the interference fringes that is observed when
the two Bogoliubov components destructively interfere
is more pronounced at low (Fig. 6 (a)) than at large
(Fig. 6 (b)) wavevectors. This effect is not present in
the spontaneous Sakharov oscillations triggered by zero-
point fluctuations [21] and is a direct consequence of the
stimulation of the process by the classical incident field
in the +k⊥ mode.
Indeed by seeding the process we break the symmetry
between +k⊥ and −k⊥ modes, so the visibility reduction
can be understood by comparing |u2(k⊥)| and |v2(k⊥)|
using (6). When k⊥ξ  1, then |v2(k⊥)| becomes small
comparing to |u2(k⊥)| and therefore the interference con-
trast is reduced. As a consequence, we can see in figure 6
that the trajectories of a bright fringe (black dashed line)
are much less deformed with respect to the speed of sound
propagation (blue solid line) for k⊥ξ = 1 (panel (b)) than
for k⊥ξ = 0.5 (panel (a)), where a staircase-like structure
is apparent. This exemplifies once again why the geomet-
rical approach is a good approximation only in the free
particle regime (k⊥ξ > 1).
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FIG. 6. Evolution along the z axis of the transverse field
intensity in a given y plane for (a) k⊥ξ = 0.5 and (b) k⊥ξ = 1.
The background intensity is subtracted on both images. The
black dashed curves follow the center of a bright fringe. The
blue solid line is a trajectory of a Bogoliubov mode at the
speed of sound. (c) Visibility of the interference fringes at
the output plane z = L as function of k⊥ (solid blue line).
Visibility maxima are shown by green diamonds and minima
are shown by black circle. The dispersion relation (solid red
line - right axis) is reconstructed using a sampling based on
the position of the maxima (ΩB(k⊥) = ppi/L) and minima
(ΩB(k⊥) = (p+ 1/2)pi/L). Here ∆n = 1.0 10−5.
CONCLUSION
In this work, we have studied the Bogoliubov exci-
tations of a photon superfluid. We have experimen-
tally demonstrated a previously undetected phenomenon
whereby the propagation of plane wave excitations in the
fluid does not tend to the geometric prediction for the
displacement, namely the product of the sound velocity
cs by the effective time L, but keeps growing linearly
with the excitation wavelength. This is shown to be a
direct consequence of the interference between counter-
propagating Bogoliubov modes that are generated at an
interaction quench and have only been observed in atomic
superfluids [36]. These interferences can also be inter-
preted as stimulated Sakharov oscillations [21], i.e. an
analogue of fluctuations imprinted in the primordial Uni-
verse and visible as oscillations in the cosmic microwave
background power spectrum [19, 20]. These results shows
that these interferences are an essential element to de-
scribe accurately the dynamics of excitations in super-
fluids of light. It brings a novel understanding of su-
perfluidity for paraxial fluids of light and opens exciting
perspectives for studying quantum effects in these sys-
tems, including quantum depletion and entanglement of
phonons in Sakharov oscillations.
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SUPPLEMENTARY MATERIALS
Experimental alignment procedure
In order to accurately measure the displacement ∆S,
one needs to precisely align the reference beam with re-
spect to the high power one. The alignment procedure is
as follow:
(1) We first make sure that both background beams
(probe off) roughly propagate with the same trans-
verse wave-vector and are correctly positioned one
above the other (their respective center should lie
on the same vertical axis).
(2) We then switch the probe beam on. The next step
is to align the interference fringes of the lower and
upper interference patterns. We start by removing
the cell and make sure that bright fringes on the
bottom face bright fringes on the top. Of course,
by doing so, the optical axis of the lower and upper
beams are not parallel anymore. We should then
switch to k-space, bring back the backgrounds to
the initial position (k⊥ = 0) and repeat this proce-
dure iteratively (beam walking). We finally check
that for every transverse wave-vector k⊥ the inter-
ference fringes remain aligned before putting the
cell back on the beams path.
Photon absorption
Photon absorption is described in (1) by the term pro-
portional to α > 0. When α 6= 0, the r⊥-independent
electric-field envelope E0 and its linearized fluctuations
δE acquire the following z-dependences:
E0(z) = √ρ0e−αz/2−ik0∆n(1−e−αz)/α, (32)
δE(r⊥, z) = e−ik0∆n(1−e−αz)/α
×
∫
d2k⊥
(2pi)2
{
u(k⊥, z)bk⊥e
i[k⊥·r⊥−
∫ z
0
dz′ΩB(k⊥,z′)]
+ v∗(k⊥, z)b∗k⊥e
−i[k⊥·r⊥−
∫ z
0
dz′Ω∗B(k⊥,z
′)]
}
.
(33)
In Eqs. (32) and (33), ρ0 is the density of the paraxial
fluid of light at z = 0 and ∆n = gρ0/k0 is the correspond-
ing non-linearity. We treat the z-dependence of the Bo-
goliubov spectrum ΩB and of the Bogoliubov amplitudes
u and v in the adiabatic-evolution approximation [17, 37].
Searching for real-valued u and v such that u2 − v2 = 1
for all z, this gives
ΩB(k⊥, z) =
√
k2⊥
2k0
(
k2⊥
2k0
+ 2k0∆ne−αz
)
− iα
2
,
(34)
u(k⊥, z)± v(k⊥, z) =
{
k2⊥
2k0
/
Re[ΩB(k⊥, z)]
}± 12
. (35)
All the observables computed in this paper rely on the
input-output relation (24), which also holds when α 6= 0
provided (25) and (26) are respectively replaced with
U(k⊥) = u(k⊥, 0)u(k⊥, L)e−i
∫ L
0
dzΩB(k⊥,z)
− v(k⊥, 0)v(k⊥, L)ei
∫ L
0
dzΩ∗B(k⊥,z), (36)
V (k⊥) = u(k⊥, 0)v(k⊥, L)e−i
∫ L
0
dzΩB(k⊥,z)
− v(k⊥, 0)u(k⊥, L)ei
∫ L
0
dzΩ∗B(k⊥,z). (37)
For example, the non-linear phase ΦNL(k⊥) expected for
α 6= 0 reads
ΦNL(k⊥)
= arctan
(
[k2⊥/(2k0)]
2 + Re[ΩB(k⊥, 0)]Re[ΩB(k⊥, L)]
k2⊥/(2k0)× {Re[ΩB(k⊥, 0)] + Re[ΩB(k⊥, L)]}
× tan
{∫ L
0
dzRe[ΩB(k⊥, z)]
})
, (38)
from which we infer the following linear trend of the
transverse displacement ∆S(Λ) in the long-wavelength,
superfluid regime:
∆S(Λ) ' 1
2pi
arctan
(
2k0∆nL× 2
αL
1− e−αL/2
1 + e−αL/2
)
Λ.
(39)
Non-locality model
So far, we have assumed that the non-linear change
of refractive index ∆n(r⊥) at a given position r⊥ in the
transverse plane only depends on the laser intensity at
this point, ∝ |E(r⊥)|2, and not on the intensity nearby.
However, such a local dielectric response may not cor-
rectly describe hot atomic vapors, in which the ballis-
tic transport of excited atoms on large length scales in-
duces non-locality [38]. Indeed, the coherence between
the ground and excited states of an atom, from which
the medium non-linear response arises, is more likely to
be transported away in hot vapors, as the atomic motion
is more significant at large temperatures.
Following [38], we can express the non-local non-linear
change of refractive index ∆nnl(r⊥) as follows:
∆nnl(r⊥) = n2
∫
d2r′⊥Gb(r⊥ − r′⊥)|E(r′⊥)|2, (40)
where Gb stands for the steady-state ballistic response
function. By using the convolution theorem, we can then
easily rewrite the Bogoliubov dispersion relation (6) in
the non-local case:
ΩnlB (k⊥) =
√
k2⊥
2k0
[
k2⊥
2k0
+ 2k0|n2|ρ0G˜b(k⊥)
]
, (41)
where G˜b is the Fourier transform of Gb. By introducing
the ballistic transport length scale `b = uτ—where u =
11√
2kBT/m is the most probable speed of the atoms in
the transverse plane (at the vapor temperature T ) and
τ = 2/γ is the characteristic decoherence time —and by
calling erfc the complementary error function, G˜b can be
written in the following way:
G˜b(k⊥) =
√
pi
e1/(k⊥`b)
2
k⊥`b
erfc
(
1
k⊥`b
)
. (42)
The solid lines in Fig. 5(c) have been obtained by plug-
ging (41) into (28). In the experiment, the vapor temper-
ature was 400 K, leading to a non-local ballistic length
`b of about 8 µm. As can be seen in Fig. 5(c), non-local
effects do not significantly affect the shift ∆S for such a
small value of `b.
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